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INTRODUCTION 
The evaluation of integrity of critical structures and parts is of vital impor-
tance for the maintenance of quality and safety. Quantitative nondestructive eval-
uation (QNDE) techniques provide the means to detect a flaw and to determine its 
location, size, shape and orient at ion. Ultrasonic technique is one of such commonly 
used ones. Comprehensive discussions of ultrasonic QNDE methods can be found 
in recent review papers by Thompson and Thompson [1] and arecent symposium 
volume edited by Datta et al. [2]. 
The provision of an adequate theoretical analysis of the propagation and scat-
tering of ultrasonic waves is essential for the optimization of current QNDE tech-
niques and also for the development of new techniques. However, the range of prob-
lems for which solutions are available remains limited and many important practi-
cal ultrasonic problems are analytically intractable. For example, Born approxima-
tion is limited in the low frequency regime and Kirchhoff aproximation is valid only 
in the high frequency regime. In the mid-frequency scattering regime in which char-
acteristic wavelengths of the incident pulse are of the same order of magnitude as a 
characteristic dimension of the flaw it is necessary to adopt numerical methods. A 
comparison of the capabilities and limitations of the various numerical models can 
be found in the review paper by Bond [3]. 
Several numerical studies of scattering by a crack in an infinite or semi-
infinite medium have been reported [4-8]. However, the scattering of waves in a 
plate is far more complicated because of multiple reflections. Only few studies con-
sider transient scattering from defects in plates. The scattering of elastic waves by 
anormal surface-breaking crack in a plate has been investigated in time-domain by 
Harker [9], and Scandrett and Achenbach [10] by using finite difference method. 
In this paper, a hybrid method combining the finite element discretization 
of the near field with the boundary integral representation of the far field is used 
to study the scattering of ultrasound by cracks in a glass plate. The incident wave 
used here models the response generated by a steel ball impact on the glass plate. 
This hybrid numerical method has been used by Datta et al. [11] to simulate the 
scattering of waves in a composite plate due to horizontal cracks. In this paper, it 
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Fig. 1. Configuration of the problem 
is shown that good agreement has been obtained between numerical simulations 
and experiments done by Paffenholz et af. [12]. The numerical results show that 
the locations and the depths of different cracks can be easily distinguished from the 
surface responses in time as weH as frequency domains. 
FORMULATION 
Figure 1 shows the two-dimensional configuration of a surface-breaking crack 
in a plate. Two artificial boundaries (B and C) are introduced here. Waves propa-
gating in this plate are scattered by the crack, which is completely enclosed by the 
boundary C. Then we define the interior region R] to be bounded by the boundary 
B. The exterior region RE is bounded inside by the contour C. So the area between 
the contour C and boundary B is shared by both regions. The interior region R] 
is discretized with finite elements and an integral representation over C for the clis-
placements on the boundary B is introduced to solve for the scattered field. 
Let Ui be the displacement component in the i th clirection in the Cartesian 
frame and lJij the second order Cauchy stress tensor (i,j=l, 3) having time har-
monie behavior of the form e- iwt , where w is the circular frequency. 
Boundary Integral Representation 
Boundary integral representation is used to represent the field in the exterior 
region RE. The total displacement Ui is composecl of two parts 
(1) 
where u;J) is the free-field displacement and u;s) the scattered field. By using the 
Betti's reciprocity theorem, the integral representation of the total field at any 
point in the exterior region RE is obtained as 
Ui( x', Zl) = t (u /,Bijk - GijlJjk )nkdC + u;J) (x', Zl). (2) 
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Finite Element Method 
The interior region RI encloses all the inhomogeneities. In order to get the 
solution in this region, we use the finite element technique to discretize this region 
into N elements. The equation of motion for each element can be written in the 
following form 
(3) 
where the matrix Se is defined as 
Se = K e - w2 M e • (4) 
where K e and Me are the stiffness and mass matrices, respectively, r e is the nodal 
force vector, and U e the nodal displacement vector. Then the equations of motion 
for all elements can be assembled into a global equation of motion, 
(5) 
where the nodal displacement UB at boundary B can be separated from the interior 
nodal displacement UI. 
Numerical Solution 
Now evaluating the integrals at all the nodes NB on the boundary Band sep-
arating UB from UI, equation (2) gives 
(6) 
where ABI and ABB are complex matrices and U}p is the free field displacement 
solution at the boundary B. Combining equation (6) and the second of equation 
(5), we obtain 
-ABI] {UB} = {U}J>} 
Sn UI 0 (7) 
The total field solutions at a certain frequency can be obtained by solving equation 
(7). The time domain solution is then obtained from the frequency domain solution 
by using an FFT. 
MODEL OF THE PROBLEM 
Geometries and Material Properties 
Figure 1 shows an infinite glass plate of width H=25.4mm. The material 
properties of the glass are: compressional wave velocity, 5.64 mml J-lS, shear wave 
velocity, 3.35 mml J-lS, and density, 2.61 g/cm3 . These correspond to a Young's 
modulus of 72 GPa and a Poisson's ratio of 0.228. 
Two different cracks are considered here. They are: one surface-breaking 
crack (defined as crack I) and one subsurface crack. Crack I is a vertical cut 6mm 
deep and 0.5mm wide. This is the same crack studied experimentally by Paffenholz 
et al. [12]. The subsurface crack has the same dimension of crack I but it is embed-





















Fig. 2. Experimentally measured spectrum of the response at 5R from 
the point of impact of the steel ball. 
Extraction of Source Function 
-
-
In the experiment, the waves were generated by the impact of a 1.6mm steel 
ball on the top surface of the glass plate. Therefore, both the location and the ori-
entation of the source are known. Only the time history 01' frequency response of 
the sour ce needs to be determined. 
The sour ce function is extracted from the signal recorded at a distance 5R 
from the source when there is no crack in the plate. This experimentally observed 
signal is shown in Fig.6 in the paper by Paffenholz et al. [12]. Figure 2 shows the 
spectrum R(f) within 1MRz. It was found that the higher frequency response was 
very small. It is also noted that the response R(f) is given by S(f)*D(f), where S(f) 
is the source spectrum and D(f) is the frequency response of the plate due to an 
impulsive (delta) time dependent force. D(f) can be obtained analytically by com-
puting the Green's function. The source function in the frequency domain S(f) is 
extracted from the expression, R(f)/D(f). 
NUMERICAL RESULTS 
Comparision of Theory and Experiment 
The comparison between experimental results and theoretical simulations are 
presented for the transient behavior of normal displacement on the top surface. Ac-
cording to the results from [12], the surface response in the far field shows no signif-
icant differences between cases with 01' without crack. Thus, we focus our attention 
on the field in the vicinity of the crack. The receiver was positioned at x=-5mm 
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to x=5mm in 1mm intervals around the crack. The normal surface displacements 
measured in the experiment [12J for the case with crack I is shown in Fig.3. The 
corresponding numerical simulations are shown in Fig.4. Note that in these fig-
ures the signals shown above and below zero are for receivers at left and right of 
the crack, respectively. Note, as a reference, that experimentally measured response 
at the origin was used to extract the source function. Comparing Figs.3 with 4 it is 
found that the numerical simulations and the experimental results are in very good 
agreement. It was found that the surface displacement changed very little over this 
region if there was no crack. For the case with crack I the responses have larger 
and sharper maximum amplitudes. Figure 4 shows that the presence of the crack 
has noticeable effect. It is also found that the maximum amplitudes are predomi-
nantly due to the surface waves (Rayleigh waves here). Note that the experimental 
results shown in Fig.3 have some time shifts. This can be recognized from the ex-




















Fig. 3. Experimental measured normal surface displacements 
in the near field of crack I. 
Comparison of Numerical Results for Different Cracks 
.41 
For the subsurface crack, the verticle transient response shown in Fig.5 is sim-
ilar to the case without crack shown in Fig.4(a). However, the effect of the crack 
still can be seen from the larger amplitudes of the scattered field. Compaing the 
signals in Figs. 5 and 4(b), we can find significant differences at the stations next 










































Fig. 4. Numerical simulations of the normal surface displacements : 


















Fig. 5. Vertical surface displacements in the presence of 
a subsurface crack. 
CONCLUSIONS 
Two different cracks, including one surface-breaking crack and one subsur-
face crack, are studied here. Numerical and experimental results for the surface-
breaking crack have been compared. Good agreement is found and shows that the 
hybrid method captures the wave propagation and scattering phenomena quite weIL 
It is also found that the effects of these different cracks can be identified by the dif-
ferent responses in time domain. There are distinct differences in the responses due 
to surface-breaking and sub-surface cracks. 
Thc numerical results presented here are confined to the surface displace-
ments, but the displaccment at any other location can be easily obtained by the 
hybrid method. The crack-opening displacements can also be calculated and used 
to obtaine the clynamic stress intensity factors for fracture mechanics stuclies. 
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